Abstract. The aim of the article is to provide a characterization of Kazhdan's property (T) for locally compact, second countable groups in terms of actions on infinite, σ-finite measure spaces. It is inspired by the recent characterization of the Haagerup property by similar actions due to T. Delabie, A. Zumbrunnen and the author.
Introduction
Throughout this article, G denotes a locally compact, second countable group (lcsc group for short); we assume furthermore that it is non-compact.
In [6] , the author and his co-authors T. Delabie and A. Zumbrunnen present a characterization of the Haagerup property in terms of actions on infinite, σ-finite measure spaces having an invariant mean and whose associated permutation representations are C 0 .
Citing A. Valette in Chapter 7 of [4] , "According to the philosophy that, to any characterization of property (T) there is a parallel characterization of the Haagerup property", the aim of the present short note is to propose a sort of reciprocal to that statement, namely, to propose a new characterization of property (T) inspired by the above mentionned one of the Haagerup property.
The objects under study here are what we call dynamical systems: given a lcsc group G, such a dynamical system is a quadruple pΩ, B, µ, Gq where pΩ, B, µq is a measure space on which G acts by µ-preserving automorphisms. For brevity, if µ is infinite, we denote by B f the subset of elements B P B such that 0 ď µpBq ă 8.
Throughout the article, if pΩ, B, µ, Gq is a dynamical system as above, we denote by π Ω : G Ñ U pL 2 pΩ, B, µqq the associated permutation representation defined by pπ Ω pgqξqpωq :" ξpg´1ωq for g P G and ω P Ω.
Before stating our main result, we need two definitions. The first one is a weakening of C 0 -dynamical systems from [6] : recall from Definition 1.2 of [6] that a dynamical system pΩ, B, µ, Gq is C 0 if, for all A, B P B f , one has lim gÑ8 µpgA X Bq " 0. Definition 1.1. Let pΩ, B, µ, Gq be a dynamical system as above. We say that it is weakly C 0 if, for all A, B P B f and for any ε ą 0, there exists g P G such that µpgA X Bq ă ε.
Next, the following type of sequence pB m q mě1 Ă B f plays a crucial role in the proof of the main result of [6] (proof of Proposition 2.8): Definition 1.2. Let pΩ, B, µ, Gq be a dynamical system. A sequence pB m q mě1 Ă B f is said to be almost invariant if µpB m q " 1 for every m ě 1 and if, for every compact set K Ă G, one has lim mÑ8 sup gPK µpgB m X B m q " 1. Remark 1.3. Let pΩ, B, µ, Gq be a weakly C 0 dynamical system.
(1) If A P B f is G-invariant then µpAq " 0. In particular, a non-trivial weakly C 0 dynamical system has an infinite measure. (2) As will be explained in more details in Section 2, the unitary representation π Ω is weakly mixing in the sense of [3] , which means, by Theorem 1.9 of [3] , that π Ω has no non-trivial finite-dimensional subrepresentation. Here is our main result. The proof of Theorem 1.5 will be given in Section 3, and it rests partly on weakly mixing representations and weakly mixing actions of groups on probability measure-preserving spaces, which is the subject of the next section.
Weakly mixing representations, weakly mixing actions
As mentioned in Section 1, we will see that the notion of weakly C 0 dynamical systems is closely related to weakly mixing representations and weakly mixing actions.
Our references for the latter properties are the article [3] of V. Bergelson and J. Rosenblatt on the one hand, and Chapters 1 and 2 of the monograph [8] by E. Glasner on the other hand.
Notation Let G be a lcsc group and let pS, B S , νq be a probability space on which G acts by Borel automorphisms and preserves ν. Then the subset
is a G-invariant closed subspace of L 2 pS, νq, and we denote by π S,0 the restriction of π S to L 2 0 pS, νq.
Definition 2.1. Let G be a lcsc group.
(1) A unitary representation pπ, Hq of G is weakly mixing if it contains no non-trivial finite-dimensional subrepresentation. (2) Let pS, B S , ν, Gq be a dynamical system where ν is a G-invariant probability measure. We say that the action of G on S is weakly mixing if the representation π S,0 is a weakly mixing representation. We gather some characterisations of weakly mixing representations that will be used in the next section. (a) pπ, Hq is a weakly mixing representation of G; (b) for every ε ą 0 and for all ξ 1 , . . . , ξ m P H, there exists g P G such that |xπpgqξ j |ξ j y| ă ε for all j " 1, . . . , m; (c) for every ε ą 0 and for all ξ 1 , . . . , ξ m P H, there exists g P G such that |xπpgqξ j |ξ k y| ă ε for all j, k " 1, . . . , m.
Proof. Equivalence between (a) and (b) follows from Corollary 1.6 and from Theorem 1.9 of [3] , and equivalence between (b) and (c) is a consequence of polar decomposition of scalar products in Hilbert spaces; namely,
for all ξ, η P H. 
Lemma 2.5. Let pS, B S , νq be a probability space on which G acts by ν-preserving Borel automorphisms, and assume that the action is weakly mixing. Then, for every ε ą 0 and for all A 1 , . . . , A m P B S , there exists g P G such that
Proof. For j " 1, . . . , m, set ξ j :" χ Aj´ν pA j q. Then ξ j P L 2 0 pS, νq for every j, and, for every ε ą 0, by Proposition 2.3, there exists g P G such that |xπ S,0 pgqξ j |ξ k y| ă ε for all j, k " 1, . . . , m. But we have xπ S,0 pgqξ j |ξ k y " xχ gAj´ν pA j q|χ A k´ν pA k qy " νpgA j X A k q´2νpA j qνpA k q`νpA j qνpA k q " νpgA j X A k q´νpA j qνpA k q for all j, k " 1, . . . , m.
Proof of Theorem 1.5
Let G be a lcsc group with property (T) as in statement (1) of Theorem 1.5, and let pΩ, B, µ, Gq be a weakly C 0 dynamical system. Corollary 2.4 implies that the permutation representation π Ω is weakly mixing, hence that it does not have any non-trivial finite-dimensional subrepresentation. If there existed an almost invariant sequence of sets pB m q Ă B f as in Definition 1.2, then the unitary representation π Ω would almost have invariant vectors, hence there would exist a non-zero invariant vector by property (T), but this contradicts the weakly mixing property of π Ω . Hence pΩ, B, µ, Gq has no almost invariant sequence.
The rest of the present section is devoted to the proof of statement (2) of Theorem 1.5. Thus we assume henceforth that G is a lcsc group which does not have property (T). Then, it follows from Proposition 2.2.3 of [4] , from [5] and from Theorem A.1 of [9] that there exists a measure-preserving G-action on a standard probability space pS, B S , νq with the following properties:
(a) the action is weakly mixing; (b) there exists a non-trivial asymptotically invariant sequence of Borel subsets of S, namely, there exists a sequence pA n q ně1 Ă B S such that νpA n q " 1{2 for every n and such that, for every compact set K Ă G,
Furthermore, the proof of Lemma 1.3 of [1] shows that we can (and will) assume that S is a compact metric space on which G acts continuously, and that ν has support S.
Our construction of the required dynamical system pΩ, B, µ, Gq is taken from [6] . Before presenting its main features, let us choose an increasing sequence of compact subsets pK n q ně1 of G with the following properties: e PK 1 , K n ĂK n`1 for every n ě 1 and G " Ť ně1 K n . Hence, K 1 is a compact neighbourhood of e, and for every compact set K Ă G, there exists m such that K Ă K m .
Next, let pA n q ně1 Ă B S be a non-trivial asymptotically invariant sequence as in condition (b) above. Then the following inqualities
show that, for all positive integers m and k, there exists an integer npk, mq such that
for every m ą 0. We equip the set X with a σ-algebra C containing pB m q mě1 and with a measure µ : C Ñ r0, 8s which have the following properties (see [6] , Propositions 2.8, 3.4 and 3.5):
(i) The σ-algebra C is generated by the collection (denoted by F c,0 in Definition 3.1 of [6] ) of sets C " ś n C n such that ś n 2νpC n q :" lim N Ñ8 ś N n"1 2νpC n q exists in r0, 8q and such that ś n 2νpC n q " 0 or
(iv) For every A P C such that µpAq ă 8, one has lim gÑe µpgA △ Aq " 0.
Remark 3.1.
(1) The measure µ on X is not necessarily σ-finite, as is proved in Proposition 2.6 of [6] . Thus, equality (3.1) in (i) and property (iv) are continuity properties that are needed to restrict µ to a G-invariant subset Ω P C on which is it σ-finite: see Section 3 of [6] . (2) We observe that the sequence pB m q mě1 is contained in C: indeed, as e´1 m2 k ď 2νpgA npk,mq X A npk,mď 1 for every g P K m and for every k ě 1, we get that
In particular, it converges uniformly for g P K 1 .
The following proposition is inspired by Proposition 2.8 of [6] .
Proposition 3.2. The dynamical system pX, C, µ, Gq is weakly C 0 , namely, for all A, B P C such that µpAq, µpBq ă 8 and for every ε ą 0, there exists g P G such that µpgA X Bq ă ε.
Proof. Assume first that A, B P F c,0 have positive measures, and write A " ś n A n and B " ś n B n , so that µpAq " ź ně1 2νpA n q and µpBq " ź ně1 2νpB n q.
Let ε ą 0 be fixed and take ε 1 ą 0 small enough in order that
Since 0 ă µpAq, µpBq ă 8, there exists N large enough such that
Since δ ă 1, there exists m large enough such that δ m`1 ă ε{µpAq. The action of G on pS, νq being weakly mixing, by Lemma 2.5, there exists g P G such that |νpgA n X B n q´νpA n qνpB n q| ď ε for all n P tN, . . . , N`mu. Then we have
Hence the claim holds for all sets A, B P F c,0 . The same claim holds for A, B which belong to the semiring F c generated by F c,0 because, by Proposition 3.4 of [6] , for all A, B P F c , there exist C, D P F c,0 such that A Ă C and B Ă D.
Moreover, it also holds for all elements of the ring RpF c q generated by F c . Finally, if A, B P C are such that 0 ă µpAq, µpBq ă 8, if ε ą 0 is given, there exist two sequences pC k q kě1 , pD ℓ q ℓě1 Ă RpF c q such that for every g P G. By the first part of the proof, there exists g P G such that µpgA X Bq ă ε.
The proof of Theorem 1.5 will be complete if we prove that there is a G-invariant set Ω P C on which µ is σ-finite.
As in Proposition 3.8 of [6] , we fix a countable dense subset D " tg 1 " e, g 2 , . . .u of G, and we set Y " Ť mě1 B m and Ω " ď hPD hY on which µ is obviously σ-finite. The continuity condition (iv) implies that Ω is G-invariant, thus the proof of Theorem 1.5 is complete.
